Here we developed a new method, called multivariate tensor-based surface morphometry (TBM), and 23 applied it to study lateral ventricular surface differences associated with HIV/AIDS. Using concepts from 24 differential geometry and the theory of differential forms, we created mathematical structures known as 25 holomorphic one-forms, to obtain an efficient and accurate conformal parameterization of the lateral 26 ventricular surfaces in the brain. The new meshing approach also provides a natural way to register 27 anatomical surfaces across subjects, and improves on prior methods as it handles surfaces that branch and 28 join at complex 3D junctions. To analyze anatomical differences, we computed new statistics from the 29 Riemannian surface metrics-these retain multivariate information on local surface geometry. We applied 30 this framework to analyze lateral ventricular surface morphometry in 3D MRI data from 11 subjects with 31 HIV/AIDS and 8 healthy controls. Our method detected a 3D profile of surface abnormalities even in this 32 small sample. Multivariate statistics on the local tensors gave better effect sizes for detecting group 33 differences, relative to other TBM-based methods including analysis of the Jacobian determinant, the largest 34 and smallest eigenvalues of the surface metric, and the pair of eigenvalues of the Jacobian matrix. The 35 resulting analysis pipeline may improve the power of surface-based morphometry studies of the brain. 36
Introduction

41
Surface-based analysis methods have been extensively used to 42 study structural features of the brain, such as cortical gray matter 43 thickness, complexity, and patterns of brain change over time due to 44 disease or developmental processes (Thompson and Toga, 1996; Dale 45 et al., 1999; Thompson et al., 2003; Chung et al., 2005) . Cortical epilepsy, schizophrenia, and bipolar disorder (Thompson et al., 2003 (Thompson et al., , 49 2004b (Thompson et al., , 2005a (Thompson et al., ,b, 2009 ). Surface models have also proven useful for 50 studying the shape of subcortical structures such as the hippocampus, 51 basal ganglia, and ventricles (Thompson et al., 2004a; Styner et al., 52 2004 Styner et al., 52 , 2005 Yushkevich et al., 2006; Morra et al., 2009 ).
53
One fruitful area of research combines surface-based modeling 54 with deformation-based methods that measure systematic differ-55 ences in structure volumes and shapes. Deformation-based mor-56 phometry (DBM) (Ashburner et al., 1998; Chung et al., 2001; Wang et 57 al., 2003; Chung et al., 2003b) , for example, uses deformations Thompson et al., 2000a; Chung et al., 2003a; 62 Ashburner, 2007; Leporé et al., 2008; Chung et al., 2008 ) is a related 63 method, that examines spatial derivatives of the deformation maps 64 that register brains to common template. Morphological tensor maps Alzheimer's disease (AD) and mild cognitive impairment. This 115 method was also applied in a series of ventricular expansion studies 116 (Carmichael et al., 2007a,b,c) . More recently, the same method was 117 also extended to combine multiple segmentations (using an approach 118 called "multi-atlas fluid image alignment") to create more accurate 119 segmentations of the ventricular surface. These methods have been 120 used to study genetic effects in AD (Chou et al., 2008) , genetic 121 influences on ventricular structure in normal adult twins (Chou et al., 122 2009b). These methods found correlations between ventricular 123 expansion and CSF biomarkers of pathology, and with baseline and 124 future clinical decline (Chou et al., 2009a) . variations in healthy elderly and AD subjects (Ferrarini et al., 2006, 134 2008a,b).
135
As an illustrative application, we studied ventricular surface 
148
Our method to compute the Jacobian matrix and multivariate TBM is 149 also quite general and can be used with other surface models and 150 triangulated meshes from other analysis programs used in neuroima-151 ging Van Essen et al., 2001 ; Thompson et al., 152 2004b). surface models from our previously published study (Thompson et al., 156 2006). We deliberately chose a small set of surfaces, to see if group 157 differences were detectable in a small sample, and if so, we aimed to 158 find out which surface-based statistics gave greatest effect sizes for 159 detecting these differences. Constrained harmonic map (Joshi et al., 160 2007; Shi et al., 2007) was used to match ventricular surfaces and 161 multivariate statistics were applied to identify regions with significant 162 differences between the two groups. Based on this, we created 163 statistical maps of group differences. differential forms, the reader is referred to a differential geometry text 172 such as Bachman (2006) .
173
Suppose S is a surface embedded in R 3 , with induced Euclidean 174 metric g. In the terminology of differential geometry, S is considered 175 to be covered by an atlas {(U α , φ α )}. Suppose (x α , y α ) is the local 176 parameter on the chart (U α , φ α ). We say that a coordinate system 177 (x α , y α ) for the surface is isothermal, if the metric has the 178 representation g = e 2λ(xα ,yα) (dx α 2 + dy α 2 ), where λ(x α , y α ) is the 179 conformal factor, which is a positive scalar function defined on each 180 point on the surface.
181
The Laplace-Beltrami operator is defined as
This operator may be used to measure the regularity (smoothness) of 184 signals that are defined on a surface, and it is the extension of the 185 standard Laplacian operator to general manifolds, such as curved
Suppose ω is a differential one-form with the representation 188 f α dx α+ g α dy α in the local parameters (x α , y α ), and f β dx β+ g β dy β in 189 the local parameters (x β , y β ). Then
2 A study results on the full data set used in the previous study (Thompson et al., 2006 ) is reported in Appendix.
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190 191 ω is a closed one-form, if on each chart (x α , y α ), A flow chart shows how canonical holomorphic one-forms are used to model ventricular shape, and how the resulting surfaces are analyzed using multivariate tensor-based morphometry. After ventricular surfaces are extracted from MRI images either manually or automatically (Thompson et al., 2006) , surfaces are automatically partitioned into three pieces by computing canonical holomorphic one-forms. For each element of the partitioned surface, we compute a new conformal coordinates and register surfaces with a constrained harmonic map. The statistics of multivariate TBM are computed at each point on the resulting matching surfaces, revealing regions with systematic anatomical differences between groups.
The Hodge star operator turns a one-form ω into its conjugate Therefore, in order to trace horizontal trajectories, we only need to 245 find a direction, along which the value of the differential form is real.
246
Similarly, the vertical trajectories may be traced by following 247 directions in which dw is always imaginary. 
The center of the z-plane is a zero point, which is mapped to the by ϕ to a half plane in the w-plane.
262
Suppose z 0 is the zero point on the z-plane, the map ϕ may be 263 recovered by integrating the differential form, ω, namely
264 265 Now, suppose instead that we have an analytic map from a 2-hole 266 annulus (a simple type of surface) to the complex plane. In Fig. 2c , we 267 visualize the map in the same way as in the previous discussion.
268
We denote the differential form of the map as ω. The horizontal 
272
It is still true that along horizontal trajectories, the imaginary part 273 ω is zero; along vertical trajectories, the real component of ω is zero.
274
The zero point is the intersection of two horizontal trajectories and 
279
The conformal net has a simple global structure. The critical 280 graph partitions the surface into a set of non-overlapping patches 281 that jointly cover the surface, and each patch is either a topological 282 disk or a topological cylinder (Strebel, 1984) . This is important 283 because it allows a general surface to be converted into a set of non- surface (see Fig. 2c ).
292
The structure of the critical graph and the parameterizations of to a single canonical surface, such as a sphere or disk (Fischl et al., 304 1999; Thompson et al., 2000b) .
305
Algorithm to compute canonical holomorphic one-forms
306
Suppose that the input mesh has n + 1 boundaries, ∂M = γ 0 − γ 1 −
307
…−γ n . Without loss of generality, we map γ 0 to the outer boundary 308 and the others to the inner boundaries in the parameter domain.
309
The following is the algorithm pipeline to compute the canonical 310 holomorphic one-forms:
311
(1) Compute the basis for all exact harmonic one-forms;
312
(2) Compute the basis for all harmonic one-forms;
313
(3) Compute the basis for all holomorphic one-forms;
314
(4) Construct the canonical conformal parameterization.
315
Basis for exact harmonic one-forms
316
The first step of the algorithm is to compute the basis for exact 317 harmonic one-forms. Let γ k , k = 1, ..., n, be an internal boundary, we 318 compute a harmonic function f k : S → R by solving the following 319 Dirichlet problem on the mesh M:
where δ kj is the Kronecker function, and Δ is the discrete Laplace-
322
Beltrami operator implemented using the co-tangent formula pro-323 posed in Pinkall and Polthier (1993) .
324
The exact harmonic one-form η k can be computed as the gradient
325
of the harmonic function f k , η k = df k , and {η 1 , η 2 ,…, η n } form the basis 326 for all the exact harmonic one-forms.
327
Basis for harmonic one-forms
328
After getting the exact harmonic one-forms, we will compute the 
by solving a Dirichlet problem,
Compute the gradient of g k and let
where τ k becomes a closed one-form. Then we need to find a function 337 h k : M → R, by solving the following linear system:
Updating τ k to τ k + dh k , we now have {τ 1 , τ 2 ,…τ n } as a basis set for 339 all the closed but non-exact harmonic one-forms.
340
With both the exact harmonic one-form basis and the closed 341 non-exact harmonic one-form basis computed, we can construct the 342 harmonic one-form basis by taking the union of them: {η 1 , η 2 ,…,η n ,
344
Basis for holomorphic one-forms
345
In
Step 1, we computed the basis for exact harmonic one-forms 346 {η 1 ,…, η n }. Now we compute their conjugate one-forms {⁎η 1 ,…, ⁎η n },
347
so that we can combine all of them together into a holomorphic one-348 form basis set.
349
First of all, for η k we compute an initial approximation η k ′ by a 350 brute-force method using the Hodge star. That is, rotating η k by 351 90°about the surface normal to obtain η k ′ (Wang et al., 2007 can conclude that its conjugate ⁎η k should also be harmonic.
358
Therefore, ⁎η k may be represented as a linear combination of the
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base harmonic one-forms:
360 361 Using the wedge product ∧ (Heinbockel, 2001), we can construct
363 364 365
We solve this linear system to obtain the coefficients a i and b i
366
(i = 1, 2,…, n) for the conjugate one-form ⁎ η k . Pairing each base exact 367 harmonic one-form in the basis with its conjugate, we get a basis set 368 for the holomorphic one-form group on M: 
396
Surface registration by constrained harmonic map
397
The canonical conformal parameterization, obtained using this 398 method, is an intrinsic property of the overall surface structure (i.e.,
399
depends on its boundary number, and how the components of the 400 surface join in 3D). As a result, the surface partitions that are obtained 
410
Given two surfaces S 1 and S 2 , whose conformal parameterizations
, we want to compute a map, φ : 412 S 1 → S 2 . Instead of directly computing φ, we can easily find a 413 harmonic map between the parameter domains. We look for a 414 harmonic map, τ : R 2 → R 2 , such that
Then the map φ can be obtained by ϕ = τ 1°τ°τ2 − 1
. we guarantee the matching of both ends of the curves. We also match In the local parameters, the map ϕ can be represented as ϕ(u 1 , v 1 ) ). The derivative map of ϕ is the linear 436 map between the tangent spaces, dϕ :
induced by the map ϕ. In the local parameter domain, the derivative 438 map is the Jacobian of ϕ, ; the planar coordinates of the vertices of 455 v i , w j are denoted using the same symbols v i , w j . Then we explicitly 456 compute the linear matrix for the derivative map dϕ, Euclidean spaces (Wang et al., 2008b) .
473
We apply Hotelling's T 2 test (Hotelling, 1931) the Log-Euclidean space of the deformation tensors. Given two groups boundaries(see Fig. 4a ). We computed the exact harmonic one-form
506
( Fig. 4b) , its conjugate one-form (Fig. 4c) , and canonical holomorphic 507 one-form (Fig. 4d) . With the conformal net introduced in this way 508 (Fig. 4e) , each lateral ventricular surface may be divided into 3 pieces 509 (Fig. 4f) . Although surface geometry is widely variable across subjects, surfaces, may be considered to be a topology optimization operation.
515
The topological optimization also helps to enable a uniform 516 parametrization on some areas that otherwise are very difficult for 517 usual parametrization methods to capture (e.g., the tips of a pointed 518 structure). Fig. 4f illustrates the automatic surface segmentation result were: (1) the pair of eigenvalues of the Jacobian matrix, treated as a 2- After this partitioning into several components, a new canonical holomorphic one-form is computed on each piece and each piece is conformally mapped to a rectangle. The new conformal parameterization is visualized using conformal grids. Surface registration is performed by using a constrained harmonic map on the computed conformal coordinates. statistical maps are shown in Figs. 11a-d making tests for group differences substantially more powerful.
637
In Fig. 7 To detect group differences, it was advantageous to use the full tensor, or its two eigenvalues together; with simpler local measures based on surface area, group differences were less powerfully detected. t1:6 Table 2 t2:1 Permutation-based estimates of the overall significance of the group difference maps are shown, after analyzing various different surface-based statistics (J is the Jacobian matrix and EV stands for eigenvalue) comparing a group of lateral ventricular surfaces from 31 HIV/AIDS patients with 20 matched control subjects (Thompson et al., 2006) . The cumulative distribution of p-values versus the corresponding cumulative pvalue that would be expected from a null distribution for multivariate TBM (magenta) and various tensor-based morphometry results, including the pair of eigenvalues of Jacobian matrix (green), the Jacobian determinant (blue), the largest eigenvalue (blue) and the smallest eigenvalue (black) of the Jacobian matrix, on a group of lateral ventricular surfaces from 11 HIV/AIDS patients and 8 matched control subjects. In FDR methods, any cumulative distribution plot that rises steeply is a sign of a significant signal being detected, with curves that rise faster denoting higher effect sizes. parametric grids adapted to the cortex (see Thompson et al. (1997, 675 2000a) for related work). A key barrier to getting these methods to 676 work in general on subcortical surfaces is the complex topology of 677 many subcortical surfaces, which this paper provides a method to 678 understand.
679
In terms of validating the method, at least two types of validation patches that jointly cover the surface, and each patch is either a 692 topological disk or a topological cylinder (Strebel, 1984; Luo, 2006) .
693
Basically, our segmentation algorithm just traces a critical graph so 694 that each of the surface segments obtained is either a topological disk 695 or a topological cylinder, and there is no overlap between patches.
696
In prior work, we also verified some of the formal properties of 697 these maps, using artificially-generated, synthetic surfaces. In Wang constraints were enforced (Wang et al., 2005c; Lui et al., 2006a,b) . In
714
Wang et al. (2005a), we also showed texture-mapped data verifying Fig. 8 . Detection of a synthetic group difference applied to the left ventricular surfaces of control subjects. The synthetic group of surfaces is generated by applying a geometric deformation (a known mathematical function) to a selected "bump" area (shown in (a)) for each left ventricular surface in a group of control subjects (8 CTLs). The goal is to test the algorithm's ability to detect the group difference between the original set of left ventricular surfaces and the new set of left ventricular surfaces with deliberately introduced shape changes in a prescribed area. Parts (b-d) illustrate the areas that show statistical significance at the voxel level when varying user-selected parameters that control the severity of the introduced shape difference. For the frontal horn, which contains the selected area, the overall significance of the group difference maps is 01642, 0.0248 and 0.0004, respectively, when increasing the magnitude of the shape difference. This shows that the effects are detected in an intuitive way when the anatomical scope and magnitude of the shape change is systematically controlled.
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715 the surface registrations. In that paper, we used an additional term to parameter space, and, via the pull-back mapping, on the 3D surfaces.
722
In the current work, we did not use mutual information to align an angle-preserving (conformal) map.
747
We also assessed the sensitivity of the algorithm to simulated point's geometry coordinates by the following equation, experiments with different parameters: r = 0.005, k= 1 (Fig. 8b) , 767 r = 0.005, k = 7 (Fig. 8c) and r = 0.01, k= 7 (Fig. 8d) . Although the Fig. 2c . Obviously, the original ventricular surface is a genus 0 785 surface. Theoretically it is topologically equivalent to a sphere.
786
However, the concave shape, complex branching topology and 787 extreme narrowness of the inferior and posterior horns make it 788 extremely difficult to compute a meaningful regular mapping from a 789 ventricular surface to a sphere (Friedel et al., 2005) (Friedel et al., 2005) . Both parameterizations are visualized using texture mapping of a checker board onto the surface. The parameterization in (a) is more uniform than the one in (b), which is very helpful for surface registration. (Fig. 10  Q2 ).
799
Our differential one-form method for modeling anatomical 800 surfaces differs from the SPHARM (spherical harmonic) method
801
(see, e.g., Styner et al. (2005) ) and the Laplace-Beltrami eigenfunc-802 tion technique for analyzing surface shapes (Shi et al., 2009 Thompson and Toga (1996) In the most related work, Chung et al. (2003a Chung et al. ( , 2008 ison experiments (Fig. 11b) . The new method we propose in this 854 paper detects group difference in the "Log-Euclidean" space, i.e., using , and the cortical pattern matching method 887 (Thompson et al., 2004b) can also generate parametric surfaces as 888 inputs for our multivariate TBM method.
889
When tensor-based morphometry (TBM) is applied to 3D images, controls (Thompson et al., 2006) , but it shows the potential of the 943 approach for use in small samples (Fig. 12  Q3 ).
944
In future, we will apply our multivariate TBM framework to additional EB01651, RR019771 to PMT, AI035041 and DA025986 to JTB).
958
Appendix 959 Here we aimed to study if the proposed algorithm could detect 960 morphometric differences with statistical significance in a relatively 961 small dataset. We randomly selected a subgroup of data from the 962 dataset used in a previous study (Thompson et al., 2006) . It consists of 963 lateral ventricular surfaces from 11 HIV/AIDS patients and 8 matched 964 control subjects. The algorithm detected a strong group difference.
965
We also performed the same experiments on the full original dataset 
